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AN SO(3)-VERSION OF 2-TORSION INSTANTON INVARIANTS 



HIROFUMI SASAHIRA* 



Abstract. We construct an invariant for non-spin 4-manifolds by using 2-torsion cohomology 
classes of moduli spaces of instantons on S'0(3)-bundles. The invariant is an S'0(3)-version of 
Fintushel-Stern's 2-torsion instanton invariant. We show that this SO (3)-torsion invariant is 
£ — | non-trivial for 2CP 2 #CP 2 , while it is known that any known invariant of 2CP 2 #CP 2 coming 

from the Seiberg-Witten theory is trivial since 2CP 2 #CP 2 has a positive scalar curvature 
metric. 

K 

O 1 1- Introduction 



The purpose of this paper is to construct an SO (3)-version of Fintushel-Stern's torsion 
invariants [FSj . R. Fintushel and R. Stern constructed a variant of Donaldson invariants for 
spin 4-manifolds by using 2-torsion cohomology classes of the moduli spaces of instantons on 
Si7(2)-bundles. They used cohomology classes of degree one and two. S. K. Donaldson gave 
another construction by using a class of degree 3 |D4j . As is well known, the usual Donaldson 
Q\ | invariant is trivial for the connected sum of 4-manifolds with b + positive ([D3J). On the other 
hand, Fintushel and Stern showed that their torsion invariant is not necessarily trivial for the 
connected sum of the form Y#S 2 x S 2 in general. 



In this paper, we define an invariant of 4-manifolds using 2-torsion cohomology classes of 



S'0(3)-moduli spaces and show that our invariant is not necessarily trivial for Yjf^S 2 x S 2 as in 
the case of Fintushel-Stern's invariant. We basically follow the argument in |FS] and modify 
it to extend the definition to non-spin 4-manifolds. 

The outline of the construction is as follows. Let X be a closed, oriented, simply connected, 
non-spin Riemannian 4- manifold and P be an SO (3)-bundle over X satisfying 

^ - w 2 (P) = w 2 {X) G H 2 (X; Z 2 ), Pl (P) = a(X) mod 8. 

Here <r{X) is the signature of X. Let Bp be the space of gauge equivalence classes of irreducible 
connections on P. In [AMRJ, S. Akbulut, T. Mrowka and Y. Ruan showed that H 1 (B P ;1< 2 ) 
is isomorphic to Z 2 . We denote the generator by u\. On the other hand, for homology class 
[E] G H 2 (X;Z) with self-intersection number even, we have an integral cohomology class 
/x([E]) G H 2 (B P ; Z). Suppose that the dimension of the moduli space M P of instantons on P is 
2d + 1 for some non- negative integer d. In general Mp is not compact. However for homology 
classes [EJ, . . . , [EJ G H 2 (X; Z) with self-intersection numbers even, we can define the pairing 

<#([£!], • • • - PdD = («i u MPiD U • • • U //([£,]), [Mp]) G z 2 

in an appropriate sense. We show that this number depends only on the homology classes [Ej] 
and gives a differential-topological invariant of X. 

We will show a gluing formula of torsion invariants for Y#S 2 x S 2 , which is an 50(3)- 
version of Theorem 1.1 in |FSj . By using this gluing formula and D. Kotschick's calculation in 
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|Kll IK2j . we prove that ^cpa^cF 2 * s non_ trivial. This example exhibits two interesting aspects 
explained below. 

The first aspect is related to vanishing theorem. We have a description of X = 2CP 2 ^CP 2 
as the connected sum of Y\ = CP 2 and Y% = CP 2 #CP 2 . Since the second Stiefel- Whitney class 
w 2 (-P) is equal to w 2 (X), both of W2(P)\y 1 and w 2 (-P)|y 2 are non-trivial. In such a situation, 
the usual Donaldson invariants are trivial by the dimension-count argument ([MM]). Hence 
the non-triviality of ^cpa^cp 2 i m P^ es that the dimension- count argument can not be applied 
directly to proving such a vanishing theorem in our case. If each homology class [£j] is in 
H 2 (Yi;Z) or H 2 {Y2'i Z), then we can show that our invariant vanishes. However we can not 
reduce the argument to this case because of the condition that [£$] ■ [£»] must be even to define 
our invariant. 

The next aspect is related to the Seiberg-Witten theory. In |Wij . E. Witten introduced 
invariants, called the Seiberg-Witten invariants, of 4-manifolds using monopole equations. He 
conjectured that the invariants are equivalent to the Donaldson invariants and explicitly wrote 
a formula which should give a relation between the Donaldson invariants and the Seiberg- 
Witten invariants. In [PTj . V. Pidstrigach and A. Tyurin proposed a program to give a 
rigorous mathematical proof of the formula by using non-abelian monopoles. The theory of 
non-abelian monopoles has been developed by P. Feehan and T. Leness ([FLU IFL21 IFL3j ). 
Feehan and Leness recently announced that they completed the proof of Witten's formula for 
4-manifolds of simple type with b± = and b + > 1 in |FL4] . 

The non-triviality of q^ ¥2 ^p2 * s quite a contrast to the equivalence of the Donaldson in- 
variants and Seiberg-Witten invariants. If a 4-manifold has a positive scalar curvature metric 
and satisfies b + (X) > 1, then the moduli space of solutions of the monopole equations with 
respect to the metric is empty for some perturbation. Hence any known invariant of 2CP 2 #CP 2 
coming from the monopole equations (the Seiberg-Witten invariant and a refinement due to S. 
Bauer and M. Furuta [BFj ) is trivial since 2CP 2 #CP 2 has a positive scalar curvature metric. 

The paper is organized as follows. In Section 2, we construct cohomology classes /•*([£]) an d 
Ui, and define a torsion invariant. In Section 3, we prove a gluing formula for the connected 
sum of the form Y#S 2 x S 2 . In Section 4, we prove that ^cpa^ciP 2 * s non ~trivial by using the 
gluing formula. We also discuss the reason why the usual vanishing theorem does not hold for 
our torsion invariant. 

Acknowledgment . The author would like to thank my advisor Mikio Furuta for his sug- 
gestions and warm encouragement. The author also thanks Yukio Kametani and Nobuhiro 
Nakamura for useful conversations. 

2. Torsion invariants 

2.1. Notations. Let X be a closed, oriented, simply connected 4-manifold, g a Riemannian 
metric on X and P an S'0(3)-bundle over X. Put 

k = -\px{P) e Q, w = w 2 (P) e H\X; Z 2 ). 

Let A* P be the space of irreducible connections on P and Qp be the gauge group of P. We 
write Bp or B* kwX for the quotient space A P /Qp. We denote by M P or M k)W ^ x the moduli 
space of instantons on P. 

Let A be an instanton on P. We have a sequence 

n x ( Q p)^n x ( dP )^n x (gp). 
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The condition that A is an instanton implies that d\ o d^ = 0. Hence the above sequence 
define a complex. We denote the cohomology groups by H\, H\, H\. 

Let P be a [7(2)-lift of P and E be the rank 2 complex vector bundle associated with P. 
Fix a connection a& et on det E. We write A E for the space of connections on E which induce 
the connection adet on det E, and write A* E for the space of irreducible connections in A E - 
Let Q E be the group of bundle automorphisms on E with determinant 1. We also introduce a 
subgroup G\ of Ge- Fix a point x in X. The subgroup G% is defined by 

Si = {g e GMxo) = i}. 

We denote the quotient spaces by 

B* E = A E /G E , B E = A E /G% B* E — A* E /G%- 

Since we are assuming that X is simply connected, the natural map B* E — ► £> P is bijective. 

To construct cohomology classes u\ and /x([E]), we need the universal bundle E over X x B E . 
The universal bundle is defined by 

E := E x e o Ae — > X x B E . 

For a closed, oriented surface E embedded in X, let f(E) be a small tubular neighborhood of 
E. We define spaces of gauge equivalence classes of connections on u(E). Let ^(s) be the 
space of connections on E\ u ^) which induce the connection ad e t|i/(s) on detE\ v (zy Let 
be the group of automorphisms of E\ v ^\ with determinant 1. We assume that the base point 
xq is in u(E). Define G^ny\ by 

= {9 e ^(E)b(^o) = i}- 

We denote the quotient spaces by 

= ^f(S) = A/(£)/£°(£), ^(S) = ^(S)/^°(S)" 

Restricting connections, we have a map 

We have the universal bundle E^s) over z/(S) x B v (p\ defined by 

Kp) ■= (^U(E)) X G° (E) — ► ^(S) x 

2.2. Cohomology classes of Bp. Suppose E is a closed, oriented surface embedded in X 
such that (w2(P), [E]) = mod 2. In this subsection, we define a 2-dimensional integral 
cohomology class /x([E]) G H 2 {B* P ; Z). Basically we follow a standard construction in }DK|IK1] . 
We first define the cohomology class /lg([E]) G H 2 (B E ; Z) to be the slant product c 2 (E)/[E]. 

Lemma 2.1. Let (3 : — > B* E be the projection. Then the induced homomorphism 

(3* : H 2 {B* E ;Z) — ► H 2 {B* E ;Z) 

is infective. Moreover for a homology class [E] G H%(X',Z) with (u>2(P), [E]) = mod 2, the 
cohomology class /ig([E]) lies in the image of (3* . 



4 



H. SASAHIRA 



Proof. Since H 1 (S0(3); Z) = 0, the spectral sequence associated with the fibration 50(3) — > 
£>*=, — > £>*=, induces an exact sequence 

(1) — ► H 2 {B* E - Z) H 2 (B%; Z) — ► H 2 {SO{3); Z), 

which implies the injectivity of (3*. 

Let rj be a complex line bundle over £0(3) defined by 

r] := 5C/(2) x {±1} C — > 50(3). 

Here the action of {±1} on C is the multiplication. Then it is easy to obtain the identification 

E| SX 50(3) = (E\x) x {±1} SU(2) = (S| 2 ) I^Ex 50(3), 

and we have 

c 2 (E| Sx5 o(3))/[S] = (ir{c 2 {E\v) + 7r*ME\x) U 7^(77)) /[E] 

= ( Cl (E),m) Cl ( V ) 

G H 2 (SO(3);Z) ^ Z 2 , 

where 

7Ti : E x 50(3) — >• E, tt 2 : E x 50(3) — ► 50(3) 
are the projections. If (w2(P), [E]) is zero, the pairing (ci(-E'), [E]) is even, and hence the 

restriction of 02(E) /[E] to 50(3) is trivial. From the exact sequence ([!]), /7g([E]) is in the 
image of (5*. □ 

By Lemma [27T1 there is a unique element of H 2 {B*g] Z) such that the image by (3* is /ig ([£]). 
Through the natural identification between Bp and Bg, we have a 2-dimensional cohomology 
class of Bp. We denote it by /ig([E]). 

Lemma 2.2. Lei X be a closed, oriented, simply connected A-manifold and P be an 50(3)- 
bundle over X . Suppose that [E] is a 2-dimensional homology class in X with (w 2 (P), [£]) = 
mod 2. Then the cohomology class /ig([£]) G H 2 (B P ;Z) is independent of the choice of E. 

This lemma will be shown in §2.41 as a corollary of Lemma 12.151 Under the assumption in 
Lemma [2T2| we define /i([E]) G H 2 (B* P ]Z) as follows. 

Definition 2.3. For a homology class [E] G H 2 (X,Z) with (w 2 (P), [£]) = mod 2, the 
cohomology class //([£]) G H 2 {B* P ; Z) is defined to be /zg ([£]). 

Remark 2.4. Let 

F:=Pxg p ^ — ► X x Bp 
be the universal bundle of P. Then the usual definition of /i-map is given by 

Hq: H 2 (X;Z) — > H 2 (B P ;Q) 

In general, /zq([E]) does not have an integral lift. Under our assumptions, it is easy to see that 
/i([E]) is an integral lift of /xq([E]). 

Next we define a torsion cohomology class u\ G H 1 {B P ; Z 2 ). We write <r(X) for the signature 
of X. Akbulut, Mrowka and Ruan showed the following in |AMR] . 
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Proposition 2.5 ( |AMRj ) . Let X be a closed, oriented, simply connected 4-manifold and P 
be an SO(3)-bundle over X . Then we have 

n (B*) = l I * ifw 2 (P)=w 2 (X), Pl {P)=a{X) mod 8 
711 ^ p ' | 1 otherwise. 

Remark 2.6. Suppose P is an 5'0(3)-bundle over X with w 2 {P) equal to w 2 (X) and let P 
be a [7(2)-lift of P. Then pi(P) is equal to c(X) modulo 8 if and only if c 2 (P) is equal to 
modulo 2. This equivalence is a consequence of the formulas 

Pl (P) = -4c 2 (P) + Ci(P) 2 , w 2 (X) 2 = cr(X) mod 8. 

When w 2 {P) = w 2 {X) and Pl {P) = a{X) mod 8, we have H\B* P \ Z 2 ) = Z 2 from Proposi- 
tion [231 

Definition 2.7. Let X be a closed, oriented, simply connected 4-manifold and P be an 50(3)- 
bundle over X satisfying w 2 (P) = w 2 (X), Pi(P) = &{X) mod 8. We write U\ for the 
generator of H\B P ; Z 2 ) = Z 2 . 

2.3. Construction of q^. Let X be a closed, oriented, simply connected 4-manifold. Suppose 
b + (X) = 2a for a positive integer a. Let P be an 5'0(3)-bundle over X. Assume that P satisfies 
the condition 

(2) w 2 (P) = w 2 (X) G H 2 (X; Z 2 ), p x (P) = a(X) mod 8. 

The virtual dimension of Mp is given by 

dimMp = -2px(P) - 3(1 + b + (X)) = 8k - 3(1 + 2a). 
If we put d = — P i(P) — 3a — 2 = 4k — 3a — 2, then we have 

dimMp = 2d+ 1. 

From the condition (T5]), we have 

d = -a(X) -3a -2 mod 8. 

Suppose that d > and take 2-dimensional homology classes [EjJ, . . . , [Ej of X satisfying 

(w 2 {P),\Ei]) =0 mod 2 (z = l,...,d). 

The assumption (w 2 (P), [Ej]) = mod 2 is equivalent to [Ej] ■ [Ej] = mod 2 since w 2 (P) is 
equal to w 2 (X). We want to define the pairing («x U /x([Ei]) U ■ ■ ■ U /i([Ej), M P ) G Z 2 . The 
moduli space Mp is not compact in general and the pairing is not well-defined in the usual 
sense. To define the pairing, we need submanifolds V^. dual to //([Ej]) which behave nicely 
near the ends of Mp. We briefly explain how the submanifolds are constructed. See jD3j IDKj 
for the details. 

We use the following three things. The first is that when b + (X) and k = —jPi(P) are 
positive Mp lies in Bp and has a natural smooth structure for generic metrics on X. The 
second is that the restrictions of irreducible instantons to open subsets are also irreducible. 
The third is that the cohomology class /x([E]) comes from B*™. More precise statement of 
the third is as follows. 
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mod 2. Since the following 

{E\u(S)) Xgt. (s) A(S) 
!/(£) x ^ — !/(£) x B KS) 

we obtain 

(3) /^([E]) = c 2 (E)/[E] = r~: (s) (c 2 (I KS) )/[S]) G Pf 2 (^;Z). 

We apply Lemma 12.11 to the restriction P\ v r£), instead of P itself. Then we see that there 
exists a unique 2-dimensional cohomology class ^(ej.jCPD °f ^(e) sucn that ^ ne pull-back 
by the natural projection B*,^ — > B*™ is equal to C2(E„(£) )/[£]. 
We define Vs as follows. 

Definition 2.8. Take a homology class [E] G P 2 (X;Z) with [E] ■ [E] even. We write £s for 
a complex line bundle over B*^ ^ with first Chern class AV^.i^P]) e -^ 2 (^(s) e> ^ x a 
section of We denote the zero locus of s^, by Vs C Suppose that & + (A) and 

= — |pi(P) are positive. For a generic metric g, we define 

M P n y s := { [A] G Mp I [A| KS) ] G y s }. 

We will show that the pairing (u%, M P fl Vsi H • • • fl Vs d ) is well-defined under some condi- 
tion. 

Remark 2.9. We give some remarks on the line bundle £s- We refer to [D3l IDKj for details. 

• As is well-known, we are also able to construct the line bundle £s by using a family of 
twisted Dirac operators on E. 

• Assume that (w 2 (P), [S]) is equal to modulo 2. Then P\ v (t.) is topologically trivial. 
Let + := B*/^\ U {[@i/(s)]}- Here Q u (p) is the trivial connection on u(H). It is 
known that £ s extends to B*,^ + . Hence we can assume that the section is non-zero 
near [O^E)]. In the case when u> 2 (P) is zero, we need this property to define invariants. 
On the other hand, when we treat an S'0(3)-bundle P with u> 2 (P) non-trivial, we 
do not need this property for the definition of invariants. However we will need this 
property in Lemma 13.71 to prove some property of our invariant . 

We prepare some lemmas. The following is well-known. 

Lemma 2.10 ( [D2[ IDKj ). Let X be a closed, oriented, simply connected 4-manifold with 
b + (X) positive and P be an SO (3) -bundle with tu 2 (P) = w 2 (A) and k = —\p\(P) positive. 
Take homology classes [Ei], . . . , [£#] G P 2 (AT;Z) with self-intersection numbers even. For 
generic sections the intersections 

M k - jtWtX n (Q (/ c {i, . . . , d'}, o < j < k) 

are transverse. 



Let [E] G P 2 (X;Z) be a homology class with [E] ■ [E] = 
diagram is commutative 

E|j/(s)xbj = (P|ke)) x g% A* e > E^(s) = 
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From now on, we require that Ej are generic in the following sense. 

Ej rtl Ej (i, j distinct) 
Ej fl Ej fl E fc = k distinct). 

Lemma 2.11. Let X be a closed, oriented, simply connected, non- spin 4-manif old with b + (X) 
positive. Let P be an SO(3)-bundle over X with W2{P) equal to W2(X). Suppose that the 
dimension of Mp is 2d' + r for a non-negative integer d' and 1 < r < 3. Take d! homology 
classes [Ex], . . . , [E d /] e H 2 (X; Z) with 

[Xi]-\Ei]=0 mod 2 (i = l,...,d'). 

Moreover we assume that the surfaces E, satisfy the condition CD. Then for generic sections 
Ss i; the intersection 

M P n y Sl n • • • n v Ed , 

is a compact r-dimensional manifold. 

Proof. Put k = —\pi(P), w = w 2 (P). For [A] e M P , we have 



k = -- A p l {P) 




by the Chern-Weil theory. Here d/i g is the volume form with respect to g. First we show 
k > 0. If not, k = and A is flat. Since X is simply connected, A is trivial. This contradicts 
to the assumption that ^(-P) is non-trivial. Hence we have k > 0. From Lemma 12.101 
Mp fl Vg 1 PI • • • D Vs , is a smooth r-dimensional manifold for generic sections sg 4 . 

Next we prove that Mp fl fl • • • fl Vs d , is compact. Let {[A^]} ne N be a sequence in 
MpflVs! IT • -nVs , . Uhlenbeck's weak compactness theorem implies that there is a subsequence 
{[A ( n ')] } n / which is weakly convergent to 

([doc]; a* , . . . ,xi) e M k _i, W)X x X 1 . 

We also have k — / > in the same way as above. Let m be the number of the tubular 
neighborhoods z/(Ej) which contain x a for some a with 1 < a < I. Then without loss of 
generality, we may suppose that 

[Aoo] e M fc _ M n y Sl n • • • n r Sd ,_ m 

if we change the order of the surfaces. If we take the tubular neighborhoods z/(Ej) to be 
sufficiently small, we have 

z^(Ej) fl f(Ej) fl z/(E fc ) = (i, j, k distinct) 
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from (jl]). Hence we have m < 21. Since k — I > 0, the intersection M k _^ x ^ x PI Vs 1 Pi - - - Pi Vs ,_ 
is transverse by Lemma 12.101 From this transversality, we obtain 

o < dimM fc _ M n y Sl n • • • n v^ d ,_ m 

= dim M k:WtX - 81 - 2(d' - m) 

= r — 81 + 2m 

<r-Al. 

Since we suppose 1 < r < 3, we have I = and 

W e M P n% n-n^. 

Hence Mp n PI - - - PI Vs , is compact. □ 

Let X be as in Lemma 12.111 and P be an 5'0(3)-bundle over X satisfying (T5]). Suppose 
that dimMp is 2d + 1 for a non-negative integer d and take homology classes [Si], . . . , [Sj e 
H 2 (X; Z) with self-intersection numbers even. From Lemma [2.111 we have the pairing 

(wi, m p n y El n • • • n v? d ) ez 2 . 

Proposition 2.12. Let X be a closed, oriented, simply connected, non-spin 4-manifold with 
b + (X) = 2a for a positive integer a and P be an SO(3)-bundle over X satisfying (TJ|). Assume 
that the dimension of M P is 2d + 1 for a non-negative integer d. Then the pairing 

(wi,M P ny Sl n--ny s j e z 2 

is independent of the choices of Riemannian metric g, U (2) -lift P of P, sections ss 4 of C^. 
and surfaces Sj representing the homology classes [Sj]. Moreover the pairing is multi-linear 
with respect to [Si], . . . , [SJ. 

We prove the above proposition in §2.41 By using this proposition, we can easily show that 
the following invariant q x x is well defined. 

Definition 2.13. Let X be as in Proposition EH Let A' d (X) be the subspace of ® d H 2 (X; Z) 
generated by 

{ [Si] ® • • ■ ® [SJ | [SJ e H 2 (X; Z), [S,] ■ [S t ] =0 mod 2 }, 

and we put 

A'(X):=Q)A' d (X), 

d 

where d runs over non-negative integers with d = — o~(X) — 3a — 2 mod 8. We define q x x by 
ql 1 : A'{X) — Z 2 

([Si],...,[s d ]) ,— > g fc " 1 iX ([Si],...,[s d ]):=( M i,M P nv Sl n---ny S(i ). 

Here P is an SO(3)-bundle over X with w 2 (P) = w 2 (X) and Px(P) = —d — 3a — 2. 

2.4. Well-definedness of g^ 1 . In this subsection, we prove Proposition 12.121 First we show 
the independence of q\ x from Riemannian metric g and sections in a standard way. Take 
two metrics g, g' on X and sections ss <5 s' E . of Choose a path {gt}te[o,i\ between g and 
g', and a path {sEi,t}te[o,i] between sj^ and s' s .. Then put 

M = \\ M P (g t ) x {*}, M P V Sl := { QA],t) G A* | ^(M^)]) = }. 
te[o,l] 

Using a similar argument in the proof of Lemma 12.111 we can show the following lemma: 
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Lemma 2.14. Let X and P be as in Proposition \2.1Si Then for generic paths {gt}te[o,i] an d 
{sHi,t}te[o,i]> the intersection 

M n v El n ■ ■ • n v Sd 

is a compact 2- dimensional manifold whose boundary is 

(M P (g) ny El n-n v Ed ) \\{M P { g ') n^n-n VQ. 

This lemma implies 

(ui, M P {g) n y Sl n • • • n v^) = ( Ul , M P { g ') nv^n---nvQ e z 2 , 

and the pairing (ui, Mp fl D • • • fl Vs d ) is independent of the choices of g and ss 4 . 

Next we see the independence of from the choice of U (2)-lift P of P . Take two U (2)- 
lifts P and P' of P. The associated vector bundle E 1 with P' is topologically isomorphic to 
E ® L for some complex line bundle L over X. Fix connections adet, a>L on detP, L and an 
isomorphism 

<p : P' P Cg) L. 

We have a connection a^ et on detP' induced by ad e t,OL and (p. We consider connections on 
E®L and P" which are compatible with a& et + 2aL and a' det respectively. By tensoring a L \ u ^, 
we have maps 



Moreover the pull-back by (p induces identifications 



B 



v{E),E®L- 



1>B> ■ K 



(E),£®L 



■0g : B v (y,),E®L 



B 



u{T,),E'- 



Lemma 2.15. Suppose £s ; £'e are complex line bundles over B*^ g, B*^g, corresponding 



2/»* 



to i/ie cohomology classes //^e^QE]) G P 2 (i3* (E) E ; Z), //„(£),£/([£]) G P 2 (£* (E) Z). P/i 



e?2 



we nave 



(fe.ot B ,)*/;^£ s . 



Proof. It is sufficient to show that o t^)*(c2(lE / I/( - s - ) )/[S]) is equal to C2(E„(e))/[E] since 

H\Bl { ^ Z) - P 2 JB* (s) j g; Z) is injective. 

Let 7Ti : x B y i^^E ~^ K^-O De ^ ne projection. We have the following commutative 

diagram: 



E' 



'"(E) 



/p „ rl X , V 1 X(V* ° *>t) /f=,/| \ 

(P (8) L| KE) j Xgo A,(£),£ ► (P |i/(E)J ><eO {E) ^(E),£' 



Hence we have 



id„(E) xWg ° *g) 
id K E) x^afotg))* E' KE) E K e) ® 7r*(L|, ( s) 



i/(E) x B^jj) j» 
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(5) 



and we obtain 

(^°%)*(c 2 (^ (s) )/[S]) = c 2 (E KS) ® 7rr(L| v ( E) ))/[£] 

= {c 2 (E KE) ) + 7rJd(L| v(E) ) U ci(E, (s) ) + 7r* Cl (L|, (s) ) 2 }/[E] 
= c 2 (E KS) )/[S] + {7r* Cl (L| KE) ) U Cl (E KE) )}/[S] 
eH 2 (B B ;Z). 
By the Kiinneth formula, we can write 

ci (E^s)) = c 1 (E I/ ( E )) I/(S ) + ci(E„( S ))g 

G #>(E) x B v p )t E, Z) = P>(£); Z) © H 2 (B v p )tM ; Z) 
since B v ^,),e is simply connected ( |AB] ) . The action of £/°( E ) # on A 2 P|j,( S ) is trivial, since the 
determinants of elements of £/°( E ) j are equal to 1 by definition. Hence A 2 E^( E ) is the pull-back 

7ii(A 2 E\ u ^). This implies that the £>„( E )-part Ci(E„( 2 ))g of Ci(E„( 2 )) = ci(A 2 Ej,(£)) is and 
we have 

K*ci U Cl (E Ks) )}/[E] = {7r* Cl (L| KS) ) U Cl (E KS) ) KS) }/[S] 

= 0Gif 2 (^ (s) ;Z). 

From the equation (jSj), we obtain 

(6) (^°%)*(C2K (E) )/[E]) = c 2 (E KS) )/[E] G H 2 (B^y,Z). 

□ 



Proof of Lemma \2.Si 

Lemma 12.21 follows from and the following commutative diagram: 



B* - 



B 



v{T.),E' 



B* - 

^X.E' 



B 



X,E 



B 



X,E' 



□ 

Proof of independence of from P. 

Take homology classes [Ej] G H2(X; Z) with [Ej] • [Ej] = mod 2 for i — 1, . . . , d and choose 
£/(2)-lifts P and P' of P. Then we obtain line bundles Cy, and C' y over , ^ and £>* . 
We denote the zero locus of sections s-s v s' s . of by Vs i; V^.. By Lemma 12.151 

(ips* ot s »)*£^. is isomorphic to We fix an isomorphism and regard the section of £'■£, 
as a sections of through the identifications 
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We take paths {s-£ ut }te[o,i] between s-z. and s' s .. In the same way as Lemma F2.144 we have a 
bordism between M P n V Sl H ■ • • n Vs d and Mp n n • • • n V^ d . Hence we obtain 

M P n^n---n v^ d ) = ( Ul , M P n n • • • n v£ d ) e z 2 . 

□ 

Lastly we show that tf£ is independent of the choice of surfaces Ej representing the homology 
classes [Ej] and that is multi-linear with respect to [E^, . . . , [EJ. It follows from the 
following lemma directly. 

Lemma 2.16. Let X and P be as in Proposition ^. IB. Take homology classes [Ei], . . . , [Ej G 
H2(X; Z) with self-intersection numbers even. Moreover assume that 

[E x ] = [Ei] + [E?] G if 2 (X; Z), [E'J ■ [E'J = [E?] • [E?] = mod 2. 

T/ien we /iai>e 

(^Mpnv^n^n-n^) = 
(u h Mp n Vj* n Vi 2 n • • • n v^ d ) + (u u M P n v E » n Vi 2 n • • • n V^ d ) g z 2 . 

Proof. By definition, we have 

As([sj) = ^(E)/^] = c 2 (e)/[e;] + c 2 (e)/[e;'] = ^([e;]) + /^([e;']) g # 2 (£p;Z). 

The homomorphism (3* : # 2 (£|; Z) -> # 2 (% Z) is injective and ^([Si]), /^([E'J), Ae([ e iD 
lie in the image /?* from Lemma 12. 1[ Hence we have 

M[S 1 ]) = M[S / 1 ])+/i(P , 1 '])Gif 2 (^;Z). 

Since Mp n Vs 2 H • - • fl Vs d is compact from Lemma 12.111 we have 

(ui,M P nv Sl n---nVz d ) 
= ( Ul u //([Ei]), M P ny S2 n---n v Sd > 
= ( Ul u ( m ([e;]) + Ai(pJ])), M P n F S2 n ■ ■ ■ n F Sd > 
= («i u ^([E'J), Mp n Vx 2 n • ■ ■ n v Sd > + («i u MPiU M P n n ■ ■ ■ n y Ed > 
= ( Ul , M P n n y S2 n ■ ■ ■ n v Sd ) + M P n rw S2 n ■ ■ • rw Sd ) . 

□ 

3. A CONNECTED SUM FORMULA FOR Y#S 2 X S 2 

3.1. Statement of the result. As is well known Donaldson invariants vanish for the con- 
nected sum Xi#X 2 provided b + (Xi) > for i = 1,2 ( |D3] ). In [FSj . however, Fintushel 
and Stern defined some torsion invariants by using instantons on S77(2)-bundles and they 
showed that their S"?7(2)-torsion invariants are non-trivial for the connected sum of the form 
Y#S 2 x S 2 . In this section, we show a similar non- vanishing theorem for our S'0(3)-torsion 
invariants. 

Let Y be a closed, oriented, simply connected, non-spin 4-manifold with b + {Y) = 2a — 1 for 
a > 1. Let Q be an S'0(3)-bundle with w 2 {Q) equal to w 2 (Y) and Pi(Q) equal to cr(Y) + 4 
modulo 8. Suppose that the dimension of Mq is 2d for a non- negative integer gL When we fix 
an orientation on the space Ti^iY) of self-dual harmonic 2- forms on Y and an lift c G H 2 (Y; Z) 
of w 2 (Q) G H 2 (Y; Z 2 ), we have the Donaldson invariant 

: ® d H 2 (Y]Z) — ► Q 
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where 

k - 1 = -~pi(Q) e Q, w = w 2 (Q) e H\Y- z 2 ). 

When [Ej] • [Ej] are even for % = 1, . . . , d, then 5fc_i )W) y([Ei], . . . , [E^]) is in Z. 
We consider an S'0(3)-bundle P over X = Y#S 2 x S* 2 satisfying 

w 2 (P)=w 2 {X), Pl (P)=pi(Q)-A, 

so that P satisfies (J2]). The dimension of Mp is given by 2a! + 5. 
We define surfaces E, E' embedded in S 2 x S 2 by 

E = S 2 x {pt}, E' = {pt} xS 2 cS 2 x S 2 . 

Then we have 

[E] ■ [E] = [E'] • [E'] = mod 2. 

Now q^ w y#5 2 x5 2([Ei], . . . , [E rf ], [E], [E']) is defined for homology classes [Ej] of Y with self- 
intersection numbers even. The following is an S'0(3)-version of Theorem 1.1 in |FSj . 

Theorem 3.1. In the above situation, we have 

Cv#s>xS»(Pi]. • • • , [SJ, P], [S']) = (ft-i^yflEx], . . . , [E d ]) mod 2. 

The proof is given in the following three subsections. 

3.2. Notations and general facts. For the proof of Theorem I3.1[ we will investigate the 
intersection M P fl Vej H • • • fl Vs d fl Vs' n Vs when the neck of Y#S 2 x S 2 is very long. For 
the preparation, we define some notations and recall some facts about instantons over the 
connected sum of 4-manifolds. 

Let Y~i and Y 2 be a closed, oriented 4-manifold. The connected sum X = Y\=ffY 2 is con- 
structed in the following way. Fix Riemannian metrics g\ and g 2 on Y\ and Y 2 which are flat in 
small neighborhoods of fixed points y\ E Y\ and y 2 G Y 2 . For N > 1 and A > with NX2 << 1, 
we put 

a = n yi (\N) = {ye Y^N^Xl < d(y, yi ) < N\^} (i = 1,2). 

Let 

.:(%A(ry 2 ) r 

be an orientation-reversing linear isometry. For each positive real number A > 0, we define 

/a ■ (rnvxw — (TK 2 ) y2 \{o} 

This map /a induces a diffeomorphism between f2i and SI2- The connected sum X of Y"i and 
Y2 is identified with 

X(A) = (Y^B^N-^lJiY^B^N-^)) 

fx 

where B Vi (N~ l \^) is the open ball centered on yi with radius N^X^. The metrics g\ and g 2 
define a conformal structure on X since g± is flat in a small neighborhood of We fix a metric 
<7a on X which represents the conformal structure. Moreover we assume that g\ is equal to gi 
on Yj\B((N+l)\*). 
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Definition 3.2. Fix a real number q with q > 4. Let [A^] G Mp(g\ n ) be instantons over 
X = Yi#y 2 for a sequence X n —> 0. Let z\, . . . , zi be points in Yi\{yi}, . . . , z' m be points 
in Y 2 \{?/2} an d Ai be connections over Yj. Then we say that [A^] is weakly convergent 
to ([Ai],[A 2 }; zi, . . . , zi, z[, . . . , z' m ) when [A^] is /.''-convergent to (L4i],L4 n ]) over compact 
subsets in (Yi U Y 2 )\{yi, y 2 , z x , . . . , zi, z[, . . . , z' m } and \F A ( n ) | 2 is convergent as measure to 

(l m 
E ^ + E ^ 

over compact subsets in (Yi\{yi}) U (Y 2 \{y 2 }). Here o~ 2 is the delta function supported on z. 

We use the following well-known theorem. 

Theorem 3.3 ((EHUDE!). Let P be an 50(3) -bundle over X = Y X #Y 2 . 5ei fc = -pi(P)/4 ; 
if = w 2 (P), Wi = w\y v Let [A^] G M fcjM , 5 x(A n ) fre instantons over X for X n — ► 0. ITien i/iere 
a subsequence {[A^]} n i which is weakly convergent to ([Ax], [A 2 ]; Zi, . . . , Zi, z[, . . . , 2^J /or 
some 

[A] e M hl!WliYl ( gi ), [A 2 ] e M fc2iW2>y2 (o 2 ), Y x \{yi}, z[,...,z' m e Y 2 \{y 2 } 

with 

h > 0, & 2 > 0, ki + k 2 + l + m<k. 

Next we review gluing of instantons. The theory of gluing of instantons is standard. To fix 
notations, we recall the theory briefly. 

Let Ai be instantons over Yj. We denote the SO (3)-bundles carrying Ai by Pi. We can 
construct instantons on X = Y\^Y 2 close to Ai on each factor. Outline of the construction is 
as follows. (See [DK] Chapter 7 for details.) 

Let b be a small positive number with b > 4N\z. By using suitable cut-off functions 
and trivializations of Pj on neighborhoods of y^, we obtain a connections A\ which are flat 
over the annuli and equal to Ai outside the balls centered at y^ with radius b. Take an 
50(3)-isomorphism p between (Pi) yi and (P 2 ) y2 . We can spread this isomorphism by using 
flat structures of A[, and obtain an isomorphism g p between Pi|f>L and P 2 \n 2 covering f\. We 
define an 5'0(3)-bundle P p over X and a connection A'(p) = A[# P A 2 on P p by gluing Pj, 
through o p . Then in large region outside the neck of X, A'(p) satisfies the instanton equation, 
and F%f p \ is very small near the neck. To obtain a genuine instanton we have to perturb A'(p). 
We consider the equation 

(7) n {P)+a = o 

for a G Qx(qp p ). To solve this equation, we take linear maps 

such that d\_ © o"j are surjective and for each hi G H\_ the supports of Oj(/ij) are in the 
complement of the ball centered at yi with radius 6. Then put 

a:=a 1 + a 2 : H\ © H% — > ft+ ( 0Pp ). 

We can construct a right inverse of gT^/^+c starting from right inverses of d\. +o~j . Decompose 
the right inverse as P © n, where 

P : fi+ ( flPp ) — fi 1 ^), tt : fi+ ( 0Pp ) — P^ © E\. 
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Instead of ([ZD, we first consider the equation 

n ip)+a + *{h) = 

for (a, h) G Qx(gp p ) x (H A © H A ). We find a solution of this equation in the form a = P£, 
h = — 7r£. In this case, we see that the equation is equivalent to the equation 

by a short calculation. Using the contraction mapping principle, we can show that there is a 
unique small solution £ p G Q + (gp p ) for the equation. We get a genuine instanton if and only 
if 7t£ p = 0. Therefore there is a map 

* : gv,^ — > x #i 2 

such that the solutions of ^ = represent instantons over X. Here Gl yitV2 is the space of 
50 (3)-equivariant isomorphisms between {P\) yi and (i^)^- We fix an element p G Gl yi>y2 to 
identify Gl yuV2 with 50(3). 

We can include the deformations of [Aj] to this construction. For small neighborhoods U Ai 
of in H\. , we have a map 

V:T:=U Al x U A% x 50(3) — > H 2 M x iZ* a 

such that elements of \l/ _1 (0) correspond to instantons. 

Let Y Al be the isotropy group of Ai in the gauge group and put Y = Y Al X r^ 2 . We assume 
that V Ai is T^.-invariant. Then there are natural actions of Y on T and on H\ x i?^ 2 . We can 
show that \l/ is T-equivariant and instantons corresponding to elements of \l/ -1 (0) are gauge 
equivalent to each other if and only if they are in the same T-orbit. Hence we can regard 
subspace of M P . 

An important feature is that instantons over X = Y\^Y 2 which is close to Ai over are 
given in the above description. More precise statement is the following: 

Let Y" be the complement of balls centered at yi with radius As/2. Take instantons A, over 
Yi and a positive number v > 0. Then put 

(8) U x (u) := { [A] G B* x | d q ([A\ Y ,}, [AM) < v, i = 1,2 }. 

Here g is the fixed real number with q > 4 and d 9 is the distance induced by Z^-norm over Y". 
If ^ > is small, then there is a positive number X(u) > such that for A < X(u) we can take 
a neighborhood T of {0} x {0} x 50(3) in H l Al x H\ 2 x 50(3) such that M P (g x ) n C/" A (i/) is 
homeomorphic to 1 (0) /T. Summing up these: 

Theorem 3.4. Let Ai,A 2 be instantons on Yi,Y 2 . Then there is a Y = Y Al x Y A2 -invariant 
neighborhood T of SO (3) x {0} x {0} in 50(3) x H A x ff^ and Y-equivariant map 

: T — > x H 2 A2 

such that \l/ _1 (0)/r is homeomorphic to an open set N in Mp. Moreover for a small positive 
number v > 0, there is a X(v) > and T such that if X < X(v) then N = Mp(g\) D U\(v). 

In particular, when Y 2 is 5 4 and A 2 is the fundamental instanton J with instanton number 
one, we have: 

Corollary 3.5. Let A\ be an instanton over Y\ and A 2 be the fundamental instanton J over 
5 4 . For a small positive number v > 0, there is a positive number X > and a neighborhood 
Uai of in H Ai , a neighborhood Uq of in 5 4 = M 4 U {oo} and Y = Y A 1 -equivariant map 

*:U A ,xU x (0, A ) x 50(3) — H\ 
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such that \1/ 1 (0)/r is naturally homeomorphic to Mp n U\ (i/). 

Remark 3.6. We can generalize the statements of Theorem 13.41 and Corollary 13. 5l to 3 or more 
instantons. 

3.3. Shrinking the neck. In the situation of Theorem 13.11 we investigate 

M P {g x ) n y Sl n • • • n v^ d n v s n v& 

as A tends to 0. We use the notations in §3.21 

Let Y\ be a closed, oriented, simply connected, non-spin 4-manifold with b + (Yi) = 2a — 1 
with a > 1 and we write Y 2 for S 2 x S* 2 . Let P be an 50(3)-bundle over X = Y\jfY 2 satisfying 
(j2J). Assume that the virtual dimension of Mp is 2d + 5 for a non- negative integer d. Take 
homology classes [Ex], . . . , [E rf ] e ^(iij Z) with [£<] ■ [Ej] = mod 2. Set E = S 2 x {pt}, E' = 
{pt} x S 2 G Y 2 . Take instantons 

[AW] g Mp(^ a J ny^n-n^ni/.n 

for a sequence A n — > 0. By Theorem 13. 3\ a subsequence of {L4( n )]} n is weakly convergent to 
some 

([A l \,[A 2 ];z 1 ,...,z l ,z[,...,z' m ), 

where 

[Ai] e M kljWjYl {gi), [A 2 ] e M fc2i y 2 (# 2 ), ^, . . . ,z x e Y^ivi}, z[,...,z' m e Y 2 \{y 2 }. 

Lemma 3.7. In the above situation, we have 

k ± = k - l, 1 = 0, [At] e M k - 1)V , )Yl {gi) n V Sl n • • • n v^ d , 

m = l, Z [ey(E)nKS'), [A 2 ] = [Q Y2 ]. 
Here By 2 is the trivial connection on Y 2 . 
Proof. From Theorem 13. 3[ we have 

(9) hi + k 2 + I + m < k. 

Let p be the number of f(Ej) which contain some point z a and q be the number of ^(E), f(E') 
which contain some point z' a . Then by the transversality condition (j3J), we have 

(10) < p < 21, 0<q<2m. 
Without loss of generality, we may assume 

[At] e M kuWfYl n y Sl n • • • n v^ p 

if we change the order of surfaces. Since w 2 (P) \ Yl is non-trivial, we can show k\ > in the same 
way as the proof of Lemma 12". 1 1 [ For generic sections, the intersection Mfc^y^nVj^lT • -nVj^ 
is transverse by Lemma [2. 101 Hence we have 

(11) 2(d-p) <dimM hliW , Yl . 

We would like to show k 2 = 0. Suppose that k 2 is positive. Then we also obtain 

(12) 2(2 -q) < dim M k2 y 2 . 
By index theorem, there is the formula 

(13) dim M kuWjYl + dim M fc2i y 2 + 3 = dimM kl+k ^ W)X - 
From ©, (HID, (H2J and we have 

2(d-p) + 2(2-q) + 3 < dimM fcl+fc2iWjX < dim M Kw ^ x - 8(1 + m) = 2d + 5 - 8(1 + m). 
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This inequality and ffTUj) imply 

8(1 + m) + 2 < 2p + 2q < 4(1 + m). 

We have a contradiction. Hence k% is which implies that [A2] is the class of trivial flat 
connection [0y 2 ]. 

Since fa is 0, the virtual dimension of M 0j y 2 is —6. From (fT3"j) . we have 
(14) dimM kuwXl - 3 = dimM kl>W;X - 

By ©, (HO]), (HI]) and ([H]), we have 

2(d- 2/) - 3 < 2(d-p) - 3 < dimM^y - 3 = dimM fcl)tUjX < dimM MjX - 8(/ + m). 
Therefore we obtain 

41 + 8m < 8. 

In particular, we have m < 1. We show m — 1. Suppose m = 0, then we have [Oy 2 ] G 
Ve, [©y 2 ] G Vjy. To obtain a contradiction, we need to choose Ve and Ve' in a specific way. As 
mentioned in Remark 12.91 we can choose Ve and Ve' do not include [Oy 2 ]. If we choose such 
Ve and Vs', we have a contradiction. We obtain Z = 0, m = 1 and z[ G H v(H'). Hence 

[Ai] g M^,^ n v Sl n ■ • • n v Ed . 

Lastly we show ki = k — I. From ([9]), we have ki < k — 1. On the other hand, from (fTTl) we 
have 

2d < dimMfc!,^ = dimMfe-i^y -B(k-1- fa) = 2d-S(k-l - fa). 
This implies fa > k — 1. Therefore fci is equal to fc — 1. We complete the proof. □ 

Let be the unique intersection point of S and £'. Fix a small neighborhood Z7 TO ' of Wq 
with v(E) fl ^(S') C U W ' Q . We suppose that the metric #2 on Y" 2 is flat on U w > for simplicity. 
Take 

[AM] g M P (^J n v Sl n • ■ ■ n v Ed n v s n v& 

for A n — > and assume that {L4(™)]} neN weakly converges to ([Ai], [Oy 2 ]; z[) for some [Ai] G 
Mfc-i,w,Yi H Pi • • • n V"s d , zi G ^(S) fl ^(S'). We can define the local center of mass c n G t/^ 
and scale A^ > of [A^] around z[ when n is sufficiently large. If n is large enough, then we 
obtain 

F A („) \ 2 dfj, g2 > 4n 2 

since |F4(„)| 2 converges to 87r 2 <5 2 ^ on U w > . We define the center of mass c n to be the center of 
the smallest ball in U w > where the integral of l-F^n)! 2 is equal to 4n 2 and the scale A^ to be 
the radius of the ball. The center of mass and scale is determined uniquely ( |Dlj ). The center 
c n converges to z[ and the scale A^ converges to 0. 

Let m : M 4 — > S A = K 4 U {00} be the stereographic map and d\ : M 4 — > M 4 be the map 
d\(y) — A _1 y. Put x n := mo d\i . Then \ n induces a conformal isomorphism between X and 
the connected sum 

X#S 4 = (X\B Cn (N~X)) U/ v (S^B^N-'X'J) 

since the metric #2 is flat on U W ' Q . Here fy n is defined in the following way: Using the geodesic 
coordinate near c n and the stereographic map, we identify (TX) Cn with (TS 4 )q. Let a' be the 
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natural, orientation reversing isometry between (T5 4 ) and (TS 4 )^, then fy n is given by 

f K : (TX)„\{0} — . (TS') m \{0} 

We can regard as an instanton on X#5 4 such that A^ n ^ is close to A\, 6y 2 on Yi, Y 2 and 
close to the standard instanton J on 5 4 . 

Fix a small positive number Ao and a small neighborhood U[ A ^ of [Ai] in Mq. Let 0[Ai] C £>p 
be a small open neighborhood of 

{ [B 1 # yi , x , P Qy 2 # 4 ,v,p' J'] \BeU' [Al] , A,A'e(0,Ao), P ,pfeSO(3), z[ e v{Z) n }. 

Here 5', J' are connections which are flat near yi, oo and equal to B, J outside 6-balls. (The 
real number b is a small positive number fixed in §3.2p . The instanton [A^] is in 0\a{\ when n 
is large. We can define the local centers for elements of 0[a{\ an d we have a map p : O^] U w > 
which maps connections to their centers. By Donaldson |D2j Proposition (3.18), we can take 
sections sg, s%i such that O^jflVs, O^HVe' are equal top _1 (C/y HE), p~ x {U' z , HE'). Hence 

we may suppose that the center c n of [i' n '] is u; for large n. 
We denote 5 4 by Y 3 and denote 0y 2 , J by v4 2 , A 3 and put 

Y£ n = Y 1 \B yi (X n /2), Yl n = Y 2 \(B y2 (X n /2) U B^/2)), = ^00(^/2). 

For v > 0, put 

£Wa» = { [A] G i% #54 I ^([A| y/; J, [^| y/; J) < v , i = 1,2,3 }. 
We have proved the following: 

Lemma 3.8. Fz'x a positive number v > 0. Ta&e instantons [A- n >\ G Mp(gx n )riVx: 1 PI- • -riV^n 
V^nV^ /or a sequence \ n -> 0. T/ien L4 (n) ] is in C/ [Ai ],a„(^) /or some L4i] G MgHV^n- ■ -nV^ 
w/ien n is sufficiently large. 

Fix [Ax] G Mq fl n • • • fl Vs d and a small positive number za By Theorem 13.41 Corollary 
13.51 and Remark 13.61 there is a small neighborhood Ua 1 of in H\ , a positive real number Ao 
and a Te^-equivariant map 

* : T = U Al x 50(3) x [/ s x (0, A ) x 50(3) — tfg^ 

such that \l/~ 1 (0)/rey 2 is homeomorphic to Mp(g\ n ) fl ^[Aij.AnM- Since the action of Te y2 = 
50(3) on 50(3) x 50(3) is the diagonal action, \l/~ 1 (0)/5O(3) is naturally identified with 

^- 1 (0)n (U Al x {1} x U K x (0,A ) x 50(3)). 

We write T' for U Al x {1} x U W > Q x (0, A ) x 50(3). Since X" parametrizes connections on X, 
it makes sense to take the intersection T' fl fl ■ • • fl Vs d H Vs fl Vjy. We can suppose 

t' n y Sl n • • • n v Sd n n Vs. = {0} x {1} x K,} x (o, A ) x 50(3). 

Hence M P (g Xn ) n V Sl n • • • fl V Ed H V s fl Vjy n C/[Ai],a„(^) is homeomorphic to 

^(0) n ({0} x {1} x x (0, A ) x 50(3)) C E\ x x 50(3) x ^ x (0, A ) x 50(3). 

Donaldson calculated the leading term of \I> in |D2j explicitly. By the explicit expression of 
the leading term of \I/ and calculations similar to those in |D2j V, we can show the following: 
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Lemma 3.9. For generic metrics gi and g 2 , and points y\, y 2 and w' Q , the intersection 

V-\0) n ({0} x {1} x {w' } x (0, A ) x SO(3)) 

is homeomorphic to 

{cA n }x 7 c (0,A ) xSO{3) 
where 7 is a loop in SO(3) which represent the generator of tti(SO(3)) = Z 2 and c > is a 
constant number independent of n. 

Define N^} by 

(15) N [Al] = { [A^y^cX^A I P G 7 }• 
We have obtained the following: 

Corollary 3.10. Let Y be a closed, oriented, simply connected, non-spin A-manifold with 
b + {Y) = 2a — 1 for a > 1 and P be an SO(3)-bundle over X = Y#S 2 x S 2 which satisfies the 
condition Suppose that the virtual dimension of M P is 2d + 5 for a non-negative integer 
d. Take d homology classes [Sj] in H 2 (Y;Z*) with self-intersection numbers even. Then for a 
small A > 0, generic metrics g\ and g 2 , and generic points y\,yi and w' , the intersection 

Mp(gx) n y El n • • • n v Ed n v E n Vv 

is homeomorphic to 

II N [Al] . 

[Ai]eM Q ny Sl n-ny Sd 

3.4. End of the proof. From Corollary 13.101 we have 

Cr#*xfl»(Pi]. ■ • ■ . Pd], P], [£']) = ^ («!, A [Al] ) g Z 2 , 

Hi] 

where [Ai] runs in Mq fl V El fl ■ • • fl Vs d . Therefore it is sufficient to show that the pairing 
N[a ± }) is non-trivial for the proof of Theorem 13.11 The last step is carried out by making 
use of the following Proposition due to Akbulut, Mrowka and Ruan. 

Proposition 3.11 ([AMR]). Let Aj be closed, oriented, simply connected 4-manifolds for 
i — 1,2 and Xi be points of Aj. Take SO{3)-bundles Pi over Aj with u^OP*) equal to u> 2 (Aj). 
Choose U {2) -lifts Pi of Pi and assume that the second Chern numbers of Pi are odd. (In this 
case, P\j^P 2 satisfies the condition |J|). See Remark \2.b\ ) We fix trivializations of Pi on small 
neighborhoods U x . of Xi . For irreducible connections P>i on Pi with trivial on U Xi with respect 
to fixed trivializations, we have a family of connections 

G := { [B^ p B 2 ] I p e SO{3) } (S 50(3)) C B* Pi#P2 . 

Then the restriction u\\g is non-trivial in H 1 (G; Z 2 ) = Z 2 . 

In our case, 

Ax = Y#S 2 x S 2 , Pi = Q#P 52x52 , B l = A;#e 52x52 , A 2 = S\ P 2 = P 5 4/{±1}, B 2 = J'. 
Here Q is an SO (3)-bundle over Y with 

(16) w 2 (Q)=w 2 (Y), pi{Q) = a(Y) + 4 mod 8, 

Ps^xs 2 is the trivial S*0(3)-bundle over S 2 x S 2 and P54 is an S77(2)-bundle with second Chern 
number equal to 1. By the formulas 

Pi(Q) = -4c 2 (Q) + Cl (Q) 2 , w 2 (Y) 2 = a{Y) mod 8 
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and ([TBI) , we have 

c 2 (Q) = 1 mod 2. 

Hence the assumptions of Proposition 13.111 is satisfied. Since Nu^ is a loop in G which 
represent the generator of H\{G) = Z 2 , we obtain: 

Corollary 3.12. For each [Ai] E Mq fl Vs a fl ■ • • fl Vs d , the pairing (u^N^j) is non-trivial 
in Z 2 . 

This completes the proof of Theorem 13.11 

4. Example 

4.1. Non-triviality of g^ p2#EF2 . We see that the S0(3)-torsion invariant for X = 2CP 2 #CP 2 
is non-trivial. 

To distinguish two CP 2 's, we write X = CP 2 #CP^#CP 2 . 

Theorem 4.1. Let Hi be the canonical generator of H 2 (CF 2 ; Z) for % = 1,2 and 6e the 
canonical generator of H 2 (CP 2 ; Z). Then we have 

Proo/. Let Q be an SO(3)-bundle on CP 2 with 

w 2 (Q)=w 2 (C¥ 2 ), Pl (Q) = -3. 

Then the dimension of Mq is 0. Kotschick showed that the Donaldson invariant associated 
with Q is 

<?§,u>,CP 2 = — 1 



if we choose a suitable orientation on Mq ( \K1\ lK2] ). Note that there is no wall since 6 (CP 2 ) 
is 0. The signature of CP 2 is 1, hence we have 

Pi(Q) = ct(CP 2 ) + 4 mod 8 



and g" 1 ^ Cp2#52x52 ([S], [£']) is defined. From Theorem 13.11 we have 

^cWxs^'PI)^ 1 mod2 - 

On the other hand, CP 2 #S 2 x S 2 is diffeomorphic to CP 2 #CPl#CP 2 ([Wa]). The induced 
isomorphism between the 2-dimensional homology groups is given by 

H 2 (CF 2 #S 2 x S 2 ;Z) if 2 (CP 2 #CP^#CP 2 ; Z) 

H 1 — ► Hi + H 2 — E 

[E] 1— > -H x +E 

[E'] 1— > if 2 -£. 

The torsion cohomology class w is w 2 (CF 2 #S 2 xS 2 ), and the image of w under the isomorphism 
is u> 2 (2CP 2 #CP 2 ). We also denote this class by u>. The images of [E] and [£'] under the 
isomorphism are —.Hi + -E 1 and H 2 — E respectively. Hence we obtain 



Vl\„ ^.Ki + ^> #2 - £) = 1 mod 2. 



y" 1 

4 ' 

□ 
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4.2. A vanishing theorem. Let X be a closed, oriented, simply connected, non-spin 4- 
manifold with b + (X) = 2a for some a > 0. Moreover assume that X can be written as the 
connected sum YijfY 2 of non-spin 4-manifolds Yi with b + (Yi) > 1. In this situation, we can 
show a vanishing theorem similar to the usual Donaldson invariant. However we must require 
a certain condition for homology classes in X. The condition is that each homology class lies 
inff 2 (y i; Z) or H 2 {Y 2 ;Z). 

Suppose that P is an S'0(3)-bundle over X satisfying ([2]) and that dim Mp is 2d + 1 for 
some non- negative integer d. Moreover suppose that d = di + d 2 for some d\ > 0, d 2 > 0. Take 
homology classes [Ei], . . . , [E dl ] G H 2 (Yi, Z), [E x ], . . . , [E^ ] G H 2 (Y 2 ; Z) with self-intersection 
numbers even. Then by the standard dimension-count argument [MM], we can show 

m p n Vin n • ■ ■ n v s . n vfe n • • • n =0 

1 a l 1 ^2 

when the neck is sufficiently long. Hence we have: 

Theorem 4.2. Let Yi,Y 2 be closed, oriented, simply connected, non-spin 4-manifolds with 
b + (Y t ) > andb + (Yx) = b + (Y 2 ) mod 2. Then for homology classes [Ei], . . . , [E rfl ] G #2(^1; Z), 
[E^], . . . , [S^J G H 2 (Y 2 ; Z) ratt self-intersection numbers even, we have 

SrWPi], ■ • ■ , P<4 Pi], • • • > P'J) = mod 2. 

Remark 4.3. We regard X = 2CP 2 #CP 2 as the connected sum of Y 1 = CP 2 and Y 2 = 
CP 2 #CP 2 . Then w is non-trivial on Y { for z = 1, 2. By TheoremEU g£ # y a (-#i + E,H 2 - E) 
is non-trivial in contrast to Theorem 14.21 If there were a formula like 

q l W!Yi#Y2 (-H 1+ E,H 2 -E) = 
^.W-* 1 ' F2 - E) " + "^WW^ ^ 2 - E) " mod 2 ' 

then we would be able to apply Theorem 14.21 to showing the vanishing of Qr^y^Y ( — ^ + 
E, H 2 - E). However "g? 1 (-#!, F 2 - £)" nor "g? 1 (£, F 2 - £)" 4 a re not defined 

because 

{-H x ) • (-#i) = E ■ E = 1 mod 2. 
References 

[AB] M. F. Atiyah and R. Bott, T/ie Yang-Mills equations over Riemann surfaces, Philos. Trans. Roy. Soc. 
London Ser. A 308 (1983), 523-615. 

[AMR] S. Akbulut, T. Mrowka and Y. Ruan, Torsion classes and a universal constraint on Donaldson invari- 
ants for odd manifolds, Trans. Amer. Math. Soc. 347 (1995), 63-76. 

[BF] S. Bauer and M. Furuta, A stable cohomotopy refinement of Seiberg-Witten invariants. I, Invent. Math. 
155 (2004), 1-19. 

[Dl] S. K. Donaldson, An application of gauge theory to four- dimensional topology, J. Differential Geom. 
18 (1983), 279-315. 

[D2] , Connections, cohomology and the intersection forms of 4- manifolds, J. Differential Geom. 24 

(1986), 275-341. 

[D3] , Polynomial invariants for smooth four-manifolds, Topology 29 (1990), 257-315. 

[D4] , Yang-Mills invariants of four-manifolds, Geometry of low-dimensional manifolds, 1 (Durham, 

1989), 5-40, London Math. Soc. Lecture Note Ser., 150, Cambridge Univ. Press, Cambridge, 1990. 
[DK] S. K. Donaldson and P. B. Kronheimer, The geometry of four-manifolds, Oxford University Press 1990 
[FL1] P. M. N. Feehan and T. G. Leness, PU(2) monopoles. I. Regularity, Uhlenbeck compactness, and 

transversality, J. Differential Geom. 49 (1998), 265-410. 
[FL2] , PU(2) monopoles and links of top-level Seiberg-Witten moduli spaces, J. Reine Angew. Math. 

538 (2001), 57-133. 



AN SO (3)- VERSION OF 2-TORSION INSTANTON INVARIANTS 



21 



[FL3] , PU(2) monopoles. II. Top-level Seiberg-Witten moduli spaces and Witten's conjecture in low 

degrees, J. Reine Angew. Math. 538 (2001), 135-212. 

[FL4] , Witten's conjecture for four-manifolds of simple type, Preprint, math.DG/0609530. 

[FS] R. Fintushel and R. Stern, 2-torsion instanton invariants, J. Amer. Math. Soc. 6 (1993), 299-339. 
[Kl] D. Kotschick, SO (3) -invariants for ^-manifolds with = 1, Proc. London Math. Soc. (3) 63 (1991), 

426-448. 

[K2] , Moduli of vector bundles with odd c\ on surfaces with q = p g — 0, Amer. J. Math. 114 (1992), 

297-313. 

[MM] J. Morgan and T. Mrowka, A note on Donaldson's polynomial invariants, Internat. Math. Res. Notices 
(1992), 223-230. 

[PT] V. Pidstrigach and A. Tyurin, Localisation of the Donaldson's invariants along Seiberg- Witten classes, 
|dg-ga/9507004| 

[Wa] C. T. C. Wall, Diffeomorphisms of A-manifolds, J. London Math. Soc. 39 (1964), 131-140. 
[Wi] E. Witten, Monopoles and four-manifolds, Math. Res. Lett. 1 (1994), 769-796. 

Graduate School of Mathematical Sciences, University of Tokyo, 
3-8-1 Komaba Meguro-ku, Tokyo 153-8941, Japan 
E-mail address: sasahira@ms.u-tokyo.ac.jp 



